ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. Let D be a pdivisible group of codimension c and dimension d over k. Let D be a versal deformation of D over a smooth k-scheme A which is equidimensional of dimension cd. Let m ∈ N. We show that there exists a locally closed, reduced subscheme s D ( If m ≥ 2 we also prove that s D (m) has the purity property (i.e., it is an affine A-scheme). Similar results are proved for quasi Shimura p-varieties of Hodge type that generalize the special fibres of good integral models of Shimura varieties of Hodge type in unramified mixed characteristic (0, p).
Introduction
Let p ∈ N be a prime. Let k be an algebraically closed field of characteristic p. Let c, d ∈ N ∪ {0} be such that r := c + d > 0. Let D be a p-divisible group of codimension c and dimension d over k. The height of D is r. Let n D ∈ N ∪ {0} be the smallest number for which the following statement holds: if D 1 is a p-divisible group of codimension c and dimension
, then D 1 is isomorphic to D. We have n D = 0 if and only if cd = 0. For the existence of n D we refer to [Ma, Ch. III, §3] , [Tr1, Thm. 3] , [Tr2, Thm. 1] , [Va2, Cor. 1.3] , or [Oo2, Cor. 1.7] .
Let W (k) be the ring of Witt vectors with coefficients in k. Let B(k) be the field of fractions of W (k). Let σ := σ k be the Frobenius automorphism of W (k) and B(k) induced from k. Let (M, φ) be the (contravariant) Dieudonné module of D. We recall that M is a free W (k)-module of rank r and φ : M → M is a σ-linear endomorphism such that we have pM ⊆ φ(M ). Dieudonné's classification of F -isocrystals over k (see [Di, Thms. 1 and 2] , [Ma, Ch. 2, §4] , [Dem, Ch. IV] , etc.) implies that we have a direct sum decomposition (M [ Let m ∈ N. Let A be a smooth k-scheme which is equidimensional of dimension cd and for which the following two properties hold:
(i) there exists a p-divisible group D of codimension c and dimension d over A which is a versal deformation at each k-valued point of A;
(ii) there exists a point y D ∈ A(k) such that y * D (D) is isomorphic to D. In practice, A is the pull back to Spec(k) of a special fibre of a good integral model in unramified mixed characteristic (0, p) of a unitary Shimura variety Sh(G, X) which is constructed as in [Zi, Subsection 3.5] or [Ko, §5] , where the real adjoint group G ad R is isomorphic to P GU P GU P GU (c, d) × R P GU P GU P GU (c + d) u for some u ∈ N ∪ {0} and where G Q p is a split group over Q p . The first goal of the paper is to study the following set of k-valued points s D (m)(k) := {y ∈ A(k)|y
The second goal of the paper is to study analogues of the set s D (m)(k) that pertain to good integral models in unramified mixed characteristic (0, p) of Shimura varieties of Hodge type and that define level m stratifications of special fibres of such integral models. Here and in the whole paper the stratifications of reduced schemes over a field are as defined in [Va2, Subsubsection 2.1.1]. We recall that Shimura varieties of Hodge type are moduli schemes of polarized abelian schemes endowed with families of Hodge cycles and with symplectic similitude structures. These new level m stratifications:
(a) (for m = 1) generalize the Ekedahl-Oort stratifications studied in [Oo1] , [Mo] , [We] , etc., and the mod p stratifications studied in [Va3, §12] ; (b) (for m >> 0) generalize the ultimate stratifications studied in [Va2, Thm. 5.3 .1 and Subsubsection 5.3.2] and the foliations studied in [Oo2] ;
(c) represent a fundamental tool in studying good integral models of Shimura varieties of Hodge type (like their special fibres on which groups of Hecke orbits act, their cohomology groups, their local and global geometries, their crystalline properties, etc.).
In order to state our Basic Theorem, we will need the following definitions that recall [Va4, Def. 1.6 .1] and the very essence of the purity property introduced in [Va2, Subsubsection 2.1.1]. (b) A reduced, locally closed subscheme of a reduced k-scheme M is said to have the purity property, if it is an affine M-scheme. For the sake of completeness we state here also the following practical property that was conjectured by Traverso (cf. [Tr3, §40, Conj. 5] ) and that is proved in [NV] : 1.3. On literature. The fact that s D (m)(k) is a constructible subset of A(k) is a standard piece of algebraic geometry. The classification of commutative, finite group schemes over k annihilated by p accomplished by Kraft in [Kr] , implies that A is a finite disjoint union of subschemes of it of the form s D (1). Theorem 1.2 (b) is a direct consequence of Grothendieck's results on local deformations of truncated Barsotti-Tate groups presented in [Il] . The facts that s D (1) is an equidimensional k-scheme and a quasi-affine A-scheme are only a variant of the result [Oo1, Thm. (1.2) ]. The fact that s D (m) is a regular and equidimensional k-scheme is first proved in [Va2, Basic Thm. 5.3.1 (b) and Rm. 5.3.4 (b) ]; a variant of this for m = n D also shows up in [Oo2, Thm. 3.13] . The formula dim(s D (1)) = cd − γ D (1) is proved first for p > 2 in [We, Thm. of Introd.] (see also [MW, Subsection 7 .10 to 7.14]) and for all p in [Va3, Basic Thms. A and D] . For m ≥ 2, Theorem 1.2 (c) is new. Theorem 1.2 (d) is a consequence of the definition of n D . A variant of the Theorem 1.2 (e) was first obtained by Traverso, cf. [Tr2, Thm. 2] . Theorem 1.2 (f) was first obtained by Traverso (cf. [Tr2, §1, p. 48] ) but it never got published; it also shows up in informal -thus unpublished-notes of Oort. For m = n D , Theorem 1.2 (h) is implied by [Va2, Thm. 5.3.1 (c) ]. For 2 ≤ m ≤ n D − 1, Theorem 1.2 (h) is new. It seems to us that for m ≥ 2, the Corollary 1.2.1 is new.
Definition. (a)
Let
On contents.
In Section 2 we follow [Va4, §5] to introduce orbit spaces of truncated Barsotti-Tate groups of level m over k that have codimension c and dimension d. Such orbit spaces were first considered in [Tr2, Thm. 2] and [Tr3, §26 to §40] . A significant change in their presentation was made independently of [Tr2] and [Tr3] , in [Va3] for the case m = 1 and in [Va4, §5] for all m. The change allows a very easy description of the orbit spaces that leads to short, elementary, and foundational (computations and) proofs of all parts of the Basic Theorem; the change is explained in Remark 2.4.1. The proof of the Basic Theorem is carried on in Section 3. In Section 4 we show how the Basic Theorem gets easily translated to the case of quasi Shimura p-varieties of Hodge type that generalize the special fibres of good integral models of Shimura varieties of Hodge type. In particular, the Basic Theorem gets easily translated to the case of special fibres of Mumford's moduli schemes A d,1,l (see Example 4.4).
Orbit spaces of truncated Barsotti-Tate groups of level m
In this Section we recall the group action T m over k we introduced in [Va4, §5] and whose set of orbits parameterizes isomorphism classes of truncated Barsotti-Tate groups of level m over k that have codimension c and dimension d. Subsection 2.1 introduces certain group schemes that play a key role in the definition (see Section 2.2) of T m . Subsection 2.3 studies T 1 . Theorem 2.4 recalls properties of stabilizer subgroup schemes of T m we obtained in [Va4, Thm. 5.3] . Proposition 2.5 is the very essence of Theorem 1.2 (h).
The
, and s D are as in Section 1. Let ϑ := pφ −1 : M → M be the Verschiebung map of (M, φ). For a commutative k-algebra R, let W m (R) be the ring of Witt vectors of length m with coefficients in R, let W (R) be the ring of Witt vectors with coefficients in R, and let σ R be the Frobenius endomorphism of either W m (R) or W (R). Let δ m be the natural divided power structure on the kernel of the reduction [Be, Ch. III, §4] . We refer to [BBM] for the crystalline contravariant Dieudonné functor D defined on the category of p-divisible groups over Spec(R).
Group schemes. Let
1 is the kernel of the reduction modulo p of φ. LetF 0 := F 0 /pF 0 . The ranks of F 1 and F 0 are d and c (respectively). The decomposition M = F 1 ⊕ F 0 gives birth naturally to a direct sum decomposition of W (k)-modules
Let W + be the maximal subgroup scheme of GL GL GL M that fixes both F 1 and M/F 1 ; it is a closed subgroup scheme of GL GL GL M whose Lie algebra is the direct summand Hom(F 0 , F 1 ) of End(M ) and whose relative dimension is cd. Let W 0 := GL GL GL F 1 × W (k) GL GL GL F 0 ; it is a closed subgroup scheme of GL GL GL M whose Lie algebra is the direct summand End(F 1 ) ⊕ End(F 0 ) of End(M ) and whose relative dimension is d 2 + c 2 . The maximal parabolic subgroup scheme W +0 of GL GL GL M that normalizes F 1 is the semidirect product of W + and W 0 . Let W − be the maximal subgroup scheme of GL GL GL M that fixes F 0 and M/F 0 ; it is a closed subgroup scheme of GL GL GL M whose Lie algebra is the direct summand Hom(F 1 , F 0 ) of End(M ) and whose relative dimension is cd. The maximal parabolic subgroup scheme W 0− of GL GL GL M that normalizes F 0 is the semidirect product of W − and W 0 . If R is a commutative W (k)-algebra, then
These identities imply that the group schemes W + and W − are isomorphic to G cd a over Spec(W (k)); in particular, they are smooth and commutative. We consider the affine, smooth scheme
We consider the product morphism P 0 : H → GL GL GL M and the following morphism
it is a morphism of Spec(W (k))-schemes whose generic fibre is an isomorphism of Spec(B(k))-schemes. The image of
2.1.1. Lemma. There exists a unique group scheme structure on H over Spec(W (k)) for which the morphism P 0,− : H → GL GL GL M is a group scheme homomorphism.
Proof: The uniqueness part follows from the fact that the generic fibre of P 0,− is an isomorphism of Spec(B(k))-schemes. To check the existence part, we write H = Spec(R H ) and GL GL GL M = Spec(R M ); the homomorphism P 0,− allows us to identify R H with an
that defines the multiplication law on GL GL GL M ; we denote also by ∆ M its tensorization with B(k). Let Σ M : R M ∼ → R M be the isomorphism that defines the inverse on GL GL GL M . To prove the Lemma, it suffices to show that ∆ M (R H ) ⊆ R H ⊗ W (k) R H and that Σ M (R H ) = R H . We will only check that ∆ M (R H ) ⊆ R H ⊗ W (k) R H as the arguments for checking the identity Σ M (R H ) = R H are the same. We show that the assumption that the inclusion
. This means that there exists two elements of Im(P 0,− (W (k))) whose product does not belong to Im(P 0,− (W (k))). This contradicts the fact that Im(
2.1.2. Simple properties. We endow H with the unique group scheme structure described in Lemma 2.1.1. The product (j 1 , j 2 , j 3 ) :
The group schemes structures on W + , W 0 , and W − induced naturally by the group scheme structure on H, are the original ones (as closed subgroup schemes of GL GL GL M ). Moreover the group scheme structure induced on
into affine schemes depends on the choice of the direct sum decomposition M = F 1 ⊕ F 0 . But the group W +0k over k and therefore also the subgroup Im(
One easily gets that the group scheme H over Spec(W (k)) is intrinsically associated to D (and in fact it is the dilatation of GL GL GL M centered on W +0k ; see [BLR, Ch. 3, 3 .2] for dilatations).
2.1.3. Unipotent group schemes. An affine group scheme over k is called unipotent if it has a finite composition series whose factors are subgroup schemes of G a . The class of unipotent group schemes over k is stable under subgroup schemes, quotients, and extensions (cf. [DG, Vol. II 2.1.4. The W m functor. Let Aff k be the category of affine schemes over k. Let Group be the category of abstract groups. Let G be a smooth, affine group scheme over Spec(W (k)); it is of finite type. Let W m (G) : Aff k → Group be the contravariant functor that associates to an affine k-scheme Spec(R) the group G(W m (R)). It is well known that this functor is representable (cf. [Gr, §4, Cor. 1, p. 639] ) by an affine group scheme over k of finite type to be also denoted as If m ≥ 2, the length reduction epimorphisms W m (R) ։ W m−1 (R) define naturally an epimorphism Red m,G : W m (G) ։ W m−1 (G) of groups over k. The kernel of Red m,G is the vector group over k defined by Lie(G k ) and thus it is a unipotent, commutative group isomorphic to G dim(G k ) a . Using this and the identification W 1 (G) = G k , by induction on m ∈ N we get that: (i) we have dim(W m (G)) = m dim(G k ), and (ii) the group W m (G) is connected if and only if G k is connected.
The group action
and takes x ∈ F 0 to φ(x). Let σ φ act on the sets underlying
. In this paper we view H m as a connected, smooth, affine group over k of dimension mr 2 and (except for the proof of Theorem 2.4 (b) below) we view D m as a connected, smooth, affine variety over k of dimension mr 2 (cf. Subsubsection 2.1.4). We have a natural action
shows that the action T m is intrinsically associated to D i.e., it does not depend on the choice of the direct sum decomposition M = F 1 ⊕ F 0 . For future use we mention that
Let 
Proof: Suppose that g 1 [m] and g 2 [m] belong to the same orbit of the action of
This implies thath modulo p normalizesF 1 i.e., we can writeh = h 1 h 2 h 4 , where
, and where
belong to the same orbit of the action T m .
The following Corollary explains the title of this Section.
Corollary. The set of orbits of the action T m are in natural bijection to the set of isomorphism classes of truncated Barsotti-Tate groups of level m over k which have codimension c and dimension d.
Proof: LetB be a truncated Barsotti-Tate group of level m over k which has codimension c and dimension d. LetD be a p-divisible group over k which liftsB, cf. [Il, Thm. 4.4 e)]. AsD has codimension c and dimension d, its Dieudonné module is isomorphic to (M,gφ) for some elementg ∈ GL GL GL M (W (k)). The Dieudonné module ofB is isomorphic
). Based on this, the Corollary follows from Lemma 2.2.1 and the classical Dieudonné theory (see [Fo, pp. 153 and 160] Proof: The epimorphism Ξ m is defined at the level of k-valued points by the following rule:
is the usual product group. As the group Ker(H m → H 1 ) has a composition series whose factors are the smooth, connected, unipotent groups Ker(Red l,GL GL GL M ) = Ker(H l → H l−1 ) with l ∈ {2, . . . , m}, we get that Ker(Ξ m ) has a composition series whose factors are smooth, connected, unipotent groups. Thus Ker(Ξ m ) is a smooth, connected, unipotent, normal subgroup of H m and therefore it is a subgroup of
2.3. On T 1 . In this Subsection we study the connected subgroup C 0 1 of H 1 = H k and dim(O 1 ). In [Kr] (see also [Oo1, Subsection (2. 3) and Lemma (2.4)] and [Mo, Subsection 2.1]) it is shown that there exists a k-basis {ē 1 , . . . ,ē r } for M/pM and a permutation π of the set J := {1, . . . , r} such that for i ∈ J the following four properties hold:
Let {e 1 , . . . , e r } be a W (k)-basis for M that lifts the k-basis {ē 1 , . . . ,ē r } for M/pM and such that
Let {e i,j |i, j ∈ J} be the W (k)-basis for End(M ) such that for l ∈ J we have e i,j (e l ) = δ j,l e i . Let {ē i,j |i, j ∈ J} be the k-basis for End(M ) which is the reduction modulo p of {e i,j |i, j ∈ J}. Let σ π : M ∼ → M be the σ-linear automorphism that takes e i to e π(i) for all i ∈ J. Let g π := σ π σ −1 φ ∈ GL GL GL M (W (k)). Due to the properties (i) to (iv), the reduction modulo p of (M, g π φ, ϑg −1 π ) coincides with (M/pM, φ 1 , ϑ 1 ). Based on this and Lemma 2.2.1, (up to isomorphisms) we can assume that g π [1] = 1 M [1]; thus σ φ and σ π are congruent modulo p. As the action T 1 is intrinsically associated to D (i.e., it does not depend on the choice of the direct sum decomposition M = F 1 ⊕ F 0 ), to study the group C 0 1 we can assume that
We define
The three sets
We write
As σ φ and σ π are congruent modulo p, the identity (3) (i.e., the identity
holds if and only if for all i, j ∈ J 2 we have:
Let J π − be the subset of J − formed by those pairs (i, j) with the property that if
Based on the properties (v) to (vii) we easily get that the variable xĩ ,j can take an infinite number of values if and only if there exists
where the variables x i,j with (i, j) ∈ J π − can take independently all those values in k for which we have h 2 [1] ∈ W 0 (k). Based on Formulas (4a) to (4c) we get that
From (4d) we get that each element of Lie(C , Example 3.3.6] . Thus n D ≤ 1 and therefore the Dieudonné modules (M, φ) and (M, g π φ) are isomorphic. Thus we can assume that g π = 1 M i.e., σ φ = σ π . Thus for all (i, j) ∈ J we have φ(e i,j ) = p n i,j e i+d,j+d , where the number n i,j ∈ {−1, 0, 1} is defined by the rule:
Suppose that (i, j) ∈ J − . From [Va2, Example 3.3 .6] we get that the first non-zero element of the sequence (n i+ld,j+ld ) l∈N is 1; thus (i, j) ∈ J π − . In other words, we have J π − = J − . As J − has cd elements, we get that dim(C In what follows, the indices i of the letter a are taken modulo r 2 and the indices j of the letter b are taken modulo r 1 . Let (a 1 , . . . , a r 2 ) := (e c 1 + 1, . . . , e c , e r 1 +c 2 +1 , . . . , e r ) and (b 1 , . . . , b r 1 ) := (e 1 , . . . , e c 1 , e c+1 , . . . , e r 1 +c 2 ). We can assume that the permutation π of J is such that we have σ π (a i ) = a i+d 2 for all i ∈ {1, . . . , r 2 } and we have σ π (b j ) = b j+d 1 for all j ∈ {1, . . . , r 1 }, cf. Example 2.3.1 applied to D 1 and
The pairs (M 1 , φ) and (M 2 , φ) are the Dieudonné modules of D 1 and D 2 (respectively). We consider the disjoint union decomposition
such that the pair (i, j) ∈ J − belongs to J −,1,1 (resp. to J −,1,2 , J −,2,1 , or J −,2,2 ) if and only if e i,j belongs to End(M 1 ) (resp. to Hom(M 1 , M 2 ), Hom(M 2 , M 1 ), or End(M 2 )). To the decomposition (5a) corresponds a disjoint union decomposition 
we have e i,j = e i ⊗ e * j for all i, j ∈ J. For (i, j) ∈ {1, . . . , r 2 } × {1, . . . , r 1 } we have
, where the number n i,j ∈ {−1, 0, 1} is defined by the rule:
(*) it is 0 if i ≤ c 2 and j ≤ c 1 or if i > c 2 and j > c 1 , it is 1 if i > c 2 and j ≤ c 1 , and it is −1 if i ≤ c 2 and j > c 1 .
The number of elements of the set J π −,1,2 is the number of pairs (i, j) ∈ {1, . . . , r 2 } × {1, . . . , r 1 } with the properties that n i,j = −1 and that the first non-zero element of the sequence (n i+ld 2 ,j+ld 1 ) l∈N is 1. The set {(i, j) ∈ {1, . . . , r 2 } × {1, . . . , r 1 }|n i,j = −1} has c 2 d 1 elements. Thus to prove that the set J π −,1,2 has c 2 d 1 elements, it suffices to show that there exists no pair (i, j) ∈ {1, . . . , r 2 } × {1, . . . , r 1 } such that n i,j = −1 and the first non-zero element of the sequence (n i+ld 2 ,j+ld 1 ) l∈N is −1. This is an elementary number theory property that can be checked using the ideas of [Va2, Example 3.3.6] . For a change, here we will check this property using the ideas of [Va4, Subsubsection 3.5 .2].
We show that the assumption that there exists a pair (i, j) ∈ {1, . . . , r 2 }×{1, . . . , r 1 } such that n i,j = −1 and the first non-zero element of the sequence (n i+ld 2 ,j+ld 1 ) l∈N is −1, leads to a contradiction. Let q ∈ N be such that n i,j = n i+qd 2 ,j+qd 1 = −1 and
it is a direct summand of M . For e ∈ {e 1 , . . . , e r }, let m e ∈ N ∪ {0} be such that we have
(this makes sense as σ φ = σ π ). As n i,j = n i+qd 2 ,j+qd 1 = −1 and n i+d 2 ,j+d 1 = · · · = n i+(q−1)d 2 ,j+(q−1)d 1 = 0, it is easy to see that we have m a i = m b j + 2. The element
fixes all elements of {e 1 , . . . , e r } \ {b j } and takes b j to b j + pa i . As n D ≤ 1, the Dieudonné modules (M, φ) and (M, g i,j φ) are isomorphic. As (M, g i,j φ) is isomorphic to (M, φg i,j ), we get that the Dieudonné modules (M, φ) and (M, φg i,j ) are also isomorphic. Thus
. From this and the identity (φg i,j )
and M/p q φ −q (M ) = ⊕ e∈{e 1 ,... ,e r } W (k)e/W (k)p m e e are isomorphic. Thus the following two torsion W (k)-modules
and 
which at the level of k-valued points induce isomorphisms ι m (k) : 
be the homomorphism between reduced groups defined by λ m . The homomorphism 
is the identity element. Thus the kernel of ι m (k) is trivial. Next we check that ι m (k) is onto.
Leth
Thus we can write g = 1 M + p m−1 e, where e ∈ End(M ) is such that e modulo p annihilates φ(M )/pM . As
−1 , the reduction modulo p of e annihilates Ker(ϑ 1 ) = M/φ(M ). As e modulo p annihilates both [Va3] or the more general ones to be introduced in Subsection 4.1 below) or to the context of p-divisible objects over k (see [Va2, Subsubsection 2.2 
.1 (d)]).

Proposition. Suppose that m ≥ 2. Then the following two properties hold:
under the action T m ) is an affine scheme.
Proof: To prove (a) we can assume that m = 2. Let φ 1 :
. Thus we can writeh =gφ(h), whereg ∈ Ker(GL GL GL M (W (k)) → GL GL GL M (W 2 (k))). Therefore φh =ghφ. Thus φh andhφ are congruent modulo p 2 . This implies thath[1] is an automorphism of the quadruplē 
where each L i,j is a homogeneous linear form in r 2 -variables. The system (6) defines an affine k-scheme Y with the property that Ω Y/k = 0. Thus Y is a finite k-scheme (which is alsoétale) and thus the system (6) has a finite number of solutions. Therefore we have a finite number of possibilities forh [1] . 
The proof of the Basic Theorem
In this Section we prove the Basic Theorem. We use the notations listed before Subsection 2.1. 
• be the flat connection that annihilates M ⊗ 1.
Proof of 1.2 (a).
To prove the Theorem 1.2 (a), we can work locally in the Zariski topology of A. Thus fixing a point y 0 ∈ A(k), we can assume that A = Spec(R) is an affine, integral scheme such that the following three properties hold: (N , φN , ϑN , ∇N ) is the evaluation of D(D) at the trivial thickening S 1 (R), then the R-moduleN is free of rank r;
(ii) the kernel F 1 N of the σ R -linear endomorphism φN :N →N is a direct summand ofN which is a free R-module of rank d; (iii) there exists anétale k-monomorphism k[x 1 , . . . , x cd ] ֒→ R such that each x i is mapped into the maximal ideal I 0 of R that defines the point y 0 .
Here ϑN is the Verschiebung map of ΦN and ∇N is a connection onN . As D is a versal deformation at all k-valued points of A and as A has dimension cd, we get:
(iv) the Kodaira-Spencer map kN of ∇N is an R-linear isomorphism.
Let R l be a p-adically complete, formally smooth W (k)[x 1 , . . . , x cd ]-algebra which modulo p is the k[x 1 , . . . , x cd ]-algebra R. Let Φ R l be the Frobenius lift of R l that is compatible with σ and that takes x i to x p i for all i ∈ {1, . . . , cd}.
N ) be the projective limit indexed by l ∈ N of the evaluations of D(D) at the thickenings attached naturally to the closed embeddings Spec(R) ֒→ Spec(R l /p l R l ); its reduction modulo p is (N , φN , ϑN , ∇N ) . Thus due to the property (i), the R l -module N is free of rank r. Let 
to be viewed as a (non-canonical) identification. Under this identification, φ N and ∇ N get identified with g A (φ ⊗ Φ R l ) for some element g A ∈ GL GL GL M (R l ) and with a connection ∇ M on M ⊗ W (k) R l (respectively). We have:
The Kodaira-Spencer map of the reduction modulo p of ∇ M is an R-linear map
which (due to the property (iv)) is an isomorphism. Let I 
Due to this and (7b), we get that by replacing A = Spec(R) with an affine, open subscheme of it that contains the point y 0 ∈ A(k), we can assume that:
(v) the composite of the morphism g A [1] : A → GL GL GL M/pM defined by g A modulo p with the natural quotient morphism GL GL GL M/pM ։ GL GL GL M/pM /W +0k , is anétale morphism.
We consider the unique W (k)-monomorphism ν : R l ֒→ W (R) that lifts the identification R l /pR l = R and that takes x i to (x i , 0, . . . ) ∈ W (R) for all i ∈ {1, . . . , cd}. The W (k)-homomorphism ν is compatible with the Frobenius lifts and it allows us to view GL GL GL M (R l ) as a subgroup of GL GL GL M (W (R)). Thus we have g A ∈ GL GL GL M (W (R)). Let [Il, Cor. 4 
.8 (ii)]). We can identify (non-canonically)
. From the last two sentences, we get that there exists a unique isomorphism γ 12 : Spec(I 1 ) ∼ → Spec(I 2 ) for which we have a unique isomorphism
Obviously, we have an identity
of reduced schemes. This identity implies that:
(i) the k-scheme s 1 is regular if and only if the k-scheme s 2 is regular, and (ii) we have dim(s 1 ) = dim(s 2 ). 
Proof of 1.2 (c).
To prove the Theorem 1.2 (c), we can work locally in the Zariski topology of A and therefore we can assume that we are in the context described in Subsection 3.1. Let the morphism η m : A → D m be as in Subsection 3.1. We consider the composite epimorphism π m : 
. Thus by replacing the morphism η m with
is onto, we can assume that
We check by induction on m ∈ N that dT 1a) ) and as the Frobenius endomorphism of the k-algebra k ⊕ kε with ε 2 = 0 annihilates the ideal kε, the restriction of dT
is the same as the differential map of the functorial homomorphism W m (P 0,− ) : H m → D m which is defined by the homomorphism P 0,− : H → GL GL GL M of Lemma 2.1.1 and which takes the point (
Suppose that m = 1. We identify Lie(
is injective and its image is the Lie subalgebra Lie(W +0k ) of Lie(D 1 ) = Lie(GL GL GL M/pM ), cf. the definition of W 1 (P 0,− ). The k-vector space dT
) is a direct supplement of Lie(W +0k ) in Lie(D 1 ) = Lie(GL GL GL M/pM ), cf. property 3.1 (v). From the last two sentences we get that dT
is onto. Thus the basis of the induction holds. For m ≥ 2, the passage from m − 1 to m goes as follows.
The action T m is a natural lift of the action T m−1 and we have reduction epimorphisms Red m,H : H m ։ H m−1 and Red m,GL GL GL M : D m ։ D m−1 whose kernels are the vector groups over k defined by Lie(H k ) and Lie(GL GL GL M/pM ) (respectively). Thus we have natural short exact sequences of Lie algebras
where ⊥ ab is the abelian Lie algebra on the k-vector space ⊥. As dT
is onto, to check that dT
is onto it suffices to show that we have an in-
). But dT
(Lie(H k ) ab ) is the Lie subalgebra Lie(W +0k ) ab of Lie(GL GL GL M/pM ) ab , cf. the definition of W m (P 0− ). Using a smooth parametric curve which has the form (
, from the definition of W m (P 0− ) we get that dT
is onto. This ends the induction and thus also the proof of the property (*).
Due to the property (*), the k-scheme C is smooth of dimension equal to
, cf. Formula (1) and Theorem 2.4 (d). From this and Theorem 1.2 (c) we get that Formula (9) holds.
Proof of 1.2 (d).
. Based on this and Theorem 1.2 (c) we get that for all m ≥ n D we have
3.5. Proof of 1.2 (e). Let D →D be an isogeny of p-divisible group over k. Let κ ∈ N be such that p κ annihilates the kernel K of this isogeny. We identify the Dieudonné module ofD with (M , φ), whereM is a W (k)-submodule of M such that we have p κ M ⊆M . For m ≥ κ, the quotient group scheme E m := D[m]/K has two basic properties: t=1 r s r t |α s − α t | and s D are isogeny invariants, to check that they are equal we can replace D by any other p-divisible group over k isogenous to it (this idea appears first in [Tr2, §1, ). Thus we can assume that D is minimal in the sense of [Oo3, Subsection 1.1] (this idea appears first in informal notes of Oort and it slightly shortens the computations; we recall that Traverso used in [Tr2, §1, (D, c, d) .
If 1 ≤ t < s ≤ m and α s < α t , then we have 
From (10a) and (10b) we get that
3.7. Proofs of 1.2 (g) and (h). To prove the Theorem 1.2 (g) and (h), we can work locally in the Zariski topology of A and therefore we can assume that we are in the context described in Subsection 3.1; in particular, A = Spec(R) is affine. As O m is a quasi-affine scheme (see paragraph before Lemma 2. 
Applications to Shimura varieties
In this Section we show how the Basic Theorem transfers naturally to the context of special fibres of good integral models in mixed characteristic (0, p) of Shimura varieties of Hodge type. To be short (i.e., in order not to recall all the machinery of Shimura varieties of Hodge type) and for the sake of generality, we will work in the (more general and) axiomatized context of quasi Shimura p-varieties of Hodge type. In Subsection 4.1 we present the relative version of the orbit spaces of Section 2. In Subsection 4.2 we introduce the mentioned axiomatized context. The analogue of the Basic Theorem for quasi Shimura p-varieties of Hodge type is presented in the Basic Corollary 4.3. Example 4.4 pertains to special fibres of Mumford's moduli schemes A d,1,l . Example 4.5 pertains to good integral models in mixed characteristic (0, p) of Shimura varieties of Hodge type. We will use the notations listed before Subsection 2.1; thus m ∈ N. Once a good direct sum decomposition M = F 1 ⊕ F 0 is introduced, we will also use the notations listed before Subsection 3.1.
4.1. Relative orbit spaces. Let G be a smooth, closed subgroup scheme of GL GL GL M such that its generic fibre G B(k) is connected. Thus the scheme G is integral. Until the end we assume that the following two axioms hold for the triple (M, φ, G):
(ii) there exist a direct sum decomposition M = F 1 ⊕ F 0 and a smooth, closed subgroup scheme G 1 of GL GL GL M such that the following four properties hold:
(ii.a) the kernel of the reduction modulo p of φ is F 1 /pF 1 ;
(ii.b) the cocharacter µ : G m → GL GL GL M which acts trivially on F 0 and via the inverse of the identical character of G m on F 1 , factors through G 1 ;
(ii.c) the group scheme G is a normal, closed subgroup scheme of G 1 and we have a short exact sequence 0
property (ii.b)) is a splitting of the short exact sequence of the property (ii.c).
If G is a reductive group scheme and u = 0, then the triple (M, φ, G) is called a Shimura F -crystal over k (cf. [Va3] ). In general, the triple (M, φ, G) is called an F -crystal with a group over k (cf. such that µ acts via inner conjugation onF i (Lie(G)) as the −i-th power of the identity character of G m . Let e + , e 0 , and e − be the ranks ofF 1 (Lie(G)),F 0 (Lie(G)), and
). Due to (11) we have
4.1.1. Relative group schemes. We will use the notations listed before Subsection 3.1 for the direct sum decomposition M = F 1 ⊕ F 0 of the axiom 4.1 (ii). We consider the following five closed subgroup schemes W
it is a closed subgroup scheme of H. 
0 is the centralizer of the torus Im(µ) in G 1 and therefore it is a smooth group scheme over Spec (W (k) 
The affine, smooth group scheme H G has relative dimension d G over Spec(W (k)) and the composite morphism 
The semidirect productW 
As W +0 is the semidirect product of W + and W 0 , there exists unique elements
, by considering conjugates of h 12 [1] through kvalued points of Im(µ k ), we easily get that we have
; it is a smooth, affine group of dimension md G which is connected if and only if H ] that has φ(Lie(G B(k) )) as its Lie algebra (see [Bo, Ch. II, Subsection 7 .1] for the uniqueness part). As φ(Lie(G B(k) )) = Lie(G B(k) ) (cf. the axiom 4.1 (i)), we conclude that {φhφ −1 |h ∈ G(B(k))} = G(B(k)). Thus for each h ∈ Im(P with the property that h modulo p belongs to W G +0 (k), is of the form h = h 1 h 2 h 4 , where
. Based on this, the proof of the Lemma is the same as of Lemma 2.2.1. Strictly speaking, the reference [Va2, Lemma 3.2.2] (used in the proof of Lemma 2.2.1) is stated only for the case when u = 0 (i.e., when G = G 1 ). But the proof of loc. cit. applies entirely to our slightly more general context in which u ∈ {0, 1}.
4.2. Quasi Shimura p-varieties of Hodge type. Until the end we assume that c = d and we only use d. Let l ∈ N be relatively prime to p and at least equal to 3. Let A d,1,l be the Mumford moduli scheme over Z (p) that parameterizes principally polarized abelian schemes that are of relative dimension d over Z (p) -schemes and that have a levell symplectic similitude structure, cf. [MFK, Thms. 7.9 and 7.10] 
be the principally quasi-polarized p-divisible group over A d,1,l of the universal principally polarized abelian scheme over A d,1,l .
4.2.1. Definition. Suppose that D has a principal quasi-polarization λ. Let ψ : M ⊗ W (k) M → W (k) be the perfect, alternating form on M induced naturally by λ. Suppose that G is a closed subgroup scheme of Sp Sp Sp(M, ψ). We recall that the axioms 4.1 (i) and (ii) hold for the triple (M, φ, G). As µ : G m → G 1 can not factor through Sp Sp Sp(M, ψ), we have u = 1 (i.e., we have a short exact sequence 0 → G → G 1 → G m → 0). By a quasi Shimura p-variety of Hodge type relative to (M, φ, ψ, G), we mean a smooth k-scheme M equipped with a quasi-finite morphism M → A d,1,l k that satisfies the following three axioms:
(i) the smooth k-scheme M is equidimensional of dimension e − ;
(ii) the morphism M → A d,1,l k induces k-epimorphisms at the level of complete, local rings of residue field k (i.e., it is a formal closed embedding at all k-valued points); (iii) there exists a family ofétale maps ρ i : U i → M indexed by a finite set I for which the following four properties hold:
(iii.a) we have M = ∪ i∈I Im(ρ i ) and each U i = Spec(R i ) is an affine k-scheme; (iii.b) if (N i , Φ N i , ∇ N i , ψ i ) is the projective limit indexed by l ∈ N of the evaluations at the thickenings S l (R i ) of the principally quasi-polarized F -crystal C i over R i of the pull back of (D d,1,l , Λ D d,1,l ) to U i , then there exists an isomorphism
W (R i ) and for some element g i ∈ G(W (R i )) which gives birth to a morphsim U i → G k whose composite with the quotient epimorphism G k ։ G k /W G +0k is anétale morphism
(here S l (R i ) and Ω ∧ W (R i ) are as in the beginning of Section 3); (iii.c) for all pairs (i 1 , i 2 ) ∈ I × I such that the affine scheme U i 1 × M U i 2 = Spec(R i 1 ,i 2 ) is non-empty, the isomorphism between the pulls back of (M ⊗ W (k) W (R i 1 ), g i 1 (φ ⊗ σ R i 1 ), ∇ i 1 , ψ) and (M ⊗ W (k) W (R i 2 ), g i 2 (φ⊗σ R i 2 ), ∇ i 2 , ψ) to W (R i 1 ,i 2 ) induced naturally by ̟ i 1 and ̟ i 2 , is defined by an element h i 1 ,i 2 ∈ G(W (R i 1 ,i 2 )); . Let y ∈ M(k). If i ∈ I is such that we have y ∈ Im(U i (k) → M(k)), then we denote also by y an arbitrary k-valued point of U i that maps to y and we take g y,i ∈ G(W (k)) to be as in the property (iii.d). Due to the property (iii.c), the inner isomorphism class of the triple (M, g y,i φ, G) depends only on y ∈ M(k) and not on either i ∈ I or of the choice of the point y ∈ U i (k) that maps to y ∈ M(k). From this and Lemma 4.1.5 we get that the orbit O ) the D-truncation modulo p m of (M, g y,i φ, G) (to be compared with [Va3] , where the case m = 1 is considered but for (M, g y,i φ, G 1 ) instead of for (M, g y,i φ, G)).
(b) Eachétale scheme over M is itself a quasi Shimura p-variety of Hodge type relative to (M, φ, ψ, G) . Thus locally in theétale topology of M, we can assume that I has only one element and that M = U i = Spec(R i ) is affine. We can also assume that there the ultimate stratification or the Traverso stratification of M. Proof: We check (a). Let y 1 , y 2 ∈ s G y (m)(k). For j ∈ {1, 2}, let I G j be the completion of the local ring of M at y j and let i j ∈ I be such that there exists a point (denoted in the same way) y j ∈ U i j (k) that maps to y j ∈ M(k). Due to the axiom 4.2.1 (i), we can identify I
